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Resonant leptogenesis and tribimaximal leptonic mixing with A4 symmetry
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We investigate the viability of thermal leptogenesis in type-I seesaw models with leptonic flavour
symmetries that lead to tribimaximal neutrino mixing. We consider an effective theory with an
A4×Z3×Z4 symmetry, which is spontaneously broken at a scale much higher than the electroweak
scale. At the high scale, leptonic Yukawa interactions lead to exact tribimaximal mixing and the
heavy Majorana neutrino mass spectrum is exactly degenerate. In this framework, leptogenesis
becomes viable once this degeneracy is lifted either by renormalization group effects or by a soft
breaking of the A4 symmetry. The implications for low-energy neutrino physics are discussed.
PACS numbers:
I. INTRODUCTION
Fermion masses and mixing have become even more
puzzling with the recent discovery of neutrino masses
and large leptonic mixing. One of the approaches of-
ten adopted in the search for a possible solution for the
flavour puzzle consists of the introduction of family sym-
metries which constrain the flavour structure of Yukawa
couplings and lead to predictions for fermion masses and
mixings. Harrison, Perkins and Scott (HPS) [1] have
pointed out that leptonic mixing at low energies could
be described by the so-called tribimaximal mixing ma-
trix, which is a good representation of the present data
within 1σ. The special form of this matrix is suggestive
of a symmetry related to possible subgroups of SU(3) [2].
This fact prompted many attempts at finding an underly-
ing symmetry leading to this special pattern of mixing [3].
Of particular interest are models based on A4 symmetry,
which was first introduced [4] as a possible family sym-
metry for the quark sector and is now mostly used for
the lepton sector [5, 6, 7, 8, 9, 10]. In the leptonic sector,
neutrino masses are known to be much smaller than the
masses of all other fermions and, in addition, leptonic
mixing includes large mixing, thus drastically differing
from the quark sector. An elegant explanation for the
smallness of neutrino masses is the seesaw mechanism
[11], which has also the advantage of providing a sim-
ple and attractive leptogenesis mechanism for the gener-
ation of the observed baryon asymmetry in the Universe,
through the decay of heavy Majorana neutrinos [12, 13].
In such a scenario, a relationship between low-energy ob-
servables and the size of the leptonic asymmetry can only
be established in some special cases [14, 15, 16, 17, 18].
In this paper, we address the question of the viability of
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leptogenesis in models with leptonic flavour symmetries
leading to the HPS mixing matrix in the framework of the
seesaw mechanism. Our starting point is an effective La-
grangian with an A4×Z3×Z4 symmetry which is sponta-
neously broken by the vacuum expectation values (VEV)
of SU(2)L × U(1)Y singlet scalar fields at a scale much
higher than the electroweak scale. The resulting Yukawa
couplings at this high scale correspond to exact HPS mix-
ing with the possibility of Majorana-type CP violation,
as well as to exact degeneracy of the heavy Majorana neu-
trinos. In this model, leptogenesis becomes viable once
the exact degeneracy of the heavy Majorana neutrinos is
lifted. We analyze two possible different ways of lifting
this degeneracy, either radiatively, when renormalization
group effects are taken into account, or through a soft
breaking of the A4 symmetry. An interesting feature of
our model is the fact that the combination of Yukawa
couplings appearing in the leptonic CP asymmetries rel-
evant for flavoured leptogenesis [19, 20, 21, 22, 23, 24]
does not vanish at this high scale. This is a particular
feature of our framework.
Our paper is organized as follows. In the next section,
we present our framework, indicating the flavour sym-
metry, together with the matter content of the model.
In Sec. III, we describe the implications of the flavour
symmetry on mixing angles, neutrino mass spectrum and
other low-energy observables. Section IV deals with lep-
togenesis where we describe two mechanisms to obtain
viable leptogenesis in our framework, namely through
radiative leptogenesis and through soft breaking of the
family symmetry. Our conclusions are summarized in
Sec. V.
II. FRAMEWORK: SYMMETRY AND MATTER
CONTENT
We work in the framework of an extension of the stan-
dard model (SM), consisting of the addition of three
right-handed neutrinos. The scalar sector, apart from
the usual SM Higgs doublet φ, is extended through the
2introduction of four types of heavy scalar fields, Φ, Ψ, Θ
and χ, that are singlets under SU(3)×SU(2)L×U(1)Y .
Furthermore, we impose an A4 × Z3 × Z4 symmetry to
the Lagrangian. As is well known, A4 is a discrete sym-
metry corresponding to the even permutation of four ob-
jects having four irreducible representations: three in-
equivalent one-dimensional representations (1, 1′, 1′′)
and a three-dimensional representation (3). The follow-
ing multiplication rules hold: 1′ ⊗ 1′′ = 1, 1′ ⊗ 1′ = 1′′,
1
′′ ⊗ 1′′ = 1′ and 3⊗ 3 = 1⊕ 1′ ⊕ 1′′ ⊕ 3s ⊕ 3a. There-
fore, the product of two triplets, a = (a1, a2, a3) and
b = (b1, b2, b3), yields
TABLE I: Representations of the fields under A4 × Z3 × Z4 and SU(2)L × U(1)Y .
Field ℓ eR, µR, τR νR φ Φ Ψ Θ χ
A4 3 1, 1
′, 1′′ 3 1 1 3 3 1
Z3 ω ω ω 1 1 1 1 ω
Z4 1 −1 −i 1 i −1 i −1
SU(2)L × U(1)Y (2, 1/2) (1, 1) (1, 0) (2,−1/2) (1, 0) (1, 0) (1, 0) (1, 0)
(a⊗ b)1 = a1b1 + a2b2 + a3b3 ,
(a⊗ b)1′ = a1b1 + ω2a2b2 + ωa3b3 ,
(a⊗ b)1′′ = a1b1 + ωa2b2 + ω2a3b3 , (1)
(a⊗ b)3s = (a2b3 + a3b2, a3b1 + a1b3, a1b2 + a2b1) ,
(a⊗ b)3a = (a2b3 − a3b2, a3b1 − a1b3, a1b2 − a2b1) ,
where ω is the cube root of unity, i.e. ω = ei2π/3. For
the symmetric product of three triplets one has
(a⊗ b⊗ c)1 =
3∑
i,j,k
aibjck , with i 6= j 6= k . (2)
Table I shows how the various fields transform under
the different symmetry groups. It is clear from Table I
that it is not possible to introduce SM-like Yukawa cou-
plings for the charged leptons since these would break
the A4 as well as the Z4 symmetries. Similar couplings
for the neutral leptons are forbidden by the Z4 symme-
try. Majorana mass terms for the right-handed neutrinos
are not allowed, but a Yukawa-type interaction term can
be built with the A4 singlet field χ. Direct couplings
of the right-handed neutrinos to Φ, Ψ and Θ are also
forbidden by the discrete symmetries. It is necessary to
introduce higher dimensional operators to get nonzero
charged-lepton masses and to allow for the generation
of Dirac mass terms for the neutrinos. We assume that
above a cutoff scale Λ there is unknown physics, which
for scales below Λ is expressed in terms of higher dimen-
sional operators. The scale at which A4×Z4 is broken is
assumed to be lower than the cutoff Λ, but still close to
it. On the other hand, the breaking of Z3, being respon-
sible for the heavy Majorana neutrino masses, can occur
at a much lower scale.
This gives rise to the following effective (d ≤ 5) La-
grangian terms :
yℓ1
Λ
(
ℓ¯Ψ
)
1
φ eR +
yℓ2
Λ
(
ℓ¯Ψ
)
1′′
φµR +
yℓ3
Λ
(
ℓ¯Ψ
)
1′
φ τR+
yν1
Λ
(
ℓ¯ νR
)
1
Φ φ˜+
yν2
Λ
(
ℓ¯ νRΘ
)
1
φ˜+
1
2
yRχ
(
νcRνR
)
1
+H.c.
(3)
We do not impose CP invariance, so in this model CP
is violated at the Lagrangian level. We assume that there
is a region of the parameter space of the scalar potential
where the heavy scalars develop VEV of the form
〈Φ〉 = u , 〈Ψ〉 = (s, s, s) , 〈Θ〉 = (0, t, 0) , (4)
thus breaking the A4 × Z4 symmetry. The Z3 sym-
metry is only broken when the singlet field χ devel-
ops a VEV. Needless to say that the choice of VEV
directions in Eq. (4) requires a stable vacuum align-
ment of the triplet fields Ψ and Θ. Yet, the presence
of terms like
(
Ψ†Ψ
)
3s
(
Θ†Θ
)
3s
,
(
Ψ†Θ†
)
1′
(ΨΘ)
1′′
and(
Ψ†Θ†
)
3a
(ΨΘ)
3a
would clearly distinguish between the
different vacuum directions. Such an alignment can be
naturally achieved for instance in supersymmetric dy-
namical completions [6, 7, 8] or in the presence of extra
dimensions [9].
The effective Lagrangian will then lead to the following
Yukawa-type couplings and direct mass terms:
3−LeffY =f s1
(
ℓe + ℓµ + ℓτ
)
φ eR + f
s
2
(
ℓe + ω ℓµ + ω
2 ℓτ
)
φµR + f
s
3
(
ℓe + ω
2 ℓµ + ω ℓτ
)
φ τR
+ fu
(
ℓe ν1R + ℓµ ν2R + ℓτ ν3R
)
φ˜+ f t
(
ℓe ν3R + ℓτ ν1R
)
φ˜+M
(
νc1Rν1R + ν
c
2Rν2R + ν
c
3Rν3R
)
+H.c.
=Y ℓij ℓi φ ej R + Y
ν
ij ℓi φ˜ νj R +M
ij
R ν
c
i R νj R +H.c. ,
(5)
whereM = yR〈χ〉 and the following definitions have been
introduced:
f si ≡
s
Λ
yℓi , f
u ≡ u
Λ
yν1 , f
t ≡ t
Λ
yν2 (i = 1, 2, 3) .
(6)
These effective Yukawa couplings are assumed to be
within the perturbative regime, i.e. f (s,u,t) . 1. The
effective Yukawa couplings and Majorana mass matrix
are of the form
Y ℓ =

f
s
1 f
s
2 f
s
3
f s1 ω f
s
2 ω
2 f s3
f s1 ω
2 f s2 ω f
s
3

 , (7)
Y ν = eiα1
√
M
v

 x 0 y e
iα
0 x 0
y eiα 0 x

 , (8)
MR =

M M
M

 , (9)
where v denotes the vacuum expectation value of the
usual SM Higgs doublet, 〈φ0〉 = v, and x and y stand for
the real and positive quantities
x ≡ v√
M
|fu| and y ≡ v√
M
∣∣f t∣∣ . (10)
The phases α1 and α2 are the arguments of f
u and f t,
respectively, and α ≡ α2 − α1 is the only physical phase
remaining in Y ν , since the global phase α1, factored out
in Eq. (8), can be rotated away. Similarly, the phases in
f si can be eliminated through the rephasing of the ei R
fields. Therefore, there is no loss of generality in working
with real fi
s and with the only phases remaining in Y ℓ
due to ω and ω2. We shall see that the phase α together
with the phase in ω are the only phases which violate
CP .
The neutrino Yukawa matrix can be rewritten as
Y ν = V K1/2 |dD| K1/2 V T , (11)
with
V =


1√
2
0 − 1√
2
0 1 0
1√
2
0 1√
2

 , (12)
dD =
√
M
v
diag
(
x+ y eiα, x, x− y eiα) = |dD| K , (13)
and
K = diag
(
eiσ1 , 1 , eiσ2
)
,
σ1 = arg
(
x+ y eiα
)
, σ2 = arg
(
x− y eiα) . (14)
For the charged-lepton Yukawa matrix we can write Y ℓ =
Uω dℓ with dℓ =
√
3 diag (f s1 , f
s
2 , f
s
3 ) and
Uω =
1√
3

1 1 11 ω ω2
1 ω2 ω

 . (15)
III. LOW-ENERGY OBSERVABLES
Since we work in the seesaw framework, the heavy Ma-
jorana neutrino mass scale M is assumed to be much
higher than the electroweak scale and the masses of the
light neutrinos are simply given by the well-known effec-
tive mass matrix
mν = −mDM−1R mTD , (16)
where mD is the Dirac-type neutrino mass matrix in the
weak basis (WB) where the charged-lepton mass matrix
is diagonal and real,
mD = v U
†
ωY
ν . (17)
From Eqs.(11), (16) and (17) we then find
mν = −v2 U †ω Y ν M−1R Y νTU∗ω
= U †ωV K
′ |dν | K ′ V T U∗ω ,
(18)
where K ′ = eiπ/2K and
|dν | = v
2
M
|dD|2 ≡ diag (m1,m2,m3) . (19)
The Pontecorvo-Maki-Nakagawa-Sakata (PMNS) lep-
tonic mixing matrix at low energies is thus given by
4UPMNS = U
†
ωV K
′ = ei (σ1+π/2)

1 ω2
ω




√
2
3
1√
3
0
− 1√
6
1√
3
− 1√
2
− 1√
6
1√
3
1√
2



1 eiβ1
eiβ2

 , (20)
with β1 = −σ1 and β2 = σ2 − σ1. We remark that the
phases factored out to the left have no physical mean-
ing, since they can be eliminated by a redefinition of
the physical charged-lepton fields. Therefore, the only
phases appearing in UPMNS are the Majorana phases β1
and β2. After factoring out the additional Majorana-type
CP violating phases, this mixing matrix coincides with
the HPS matrix. The zero entry in UPMNS implies that
there is no Dirac-type CP violation.
In the limit of vanishing α, there is no CP violation in
UPMNS. However, the remaining phase of ω, entering in
mD, does imply CP violation at high energies. This can
be seen by recalling [14] that, in this class of models, the
necessary and sufficient condition for having CP invari-
ance is that in the WB where mℓ and MR are diagonal
and real, the condition arg(mD)ij = βi/2−(2pj+1)π/4 is
satisfied with arbitrary βi and integer numbers pj . It can
be readily verified that the matrix mD given by Eq. (17)
does not satisfy this condition even for α = 0.
The light neutrino masses m1, m2 and m3 are given
by
m1 = x
2 + y2 + 2xy cosα ,
m2 = x
2 , (21)
m3 = x
2 + y2 − 2xy cosα .
The three charged-lepton masses are determined by the
three Yukawa couplings f si . Note that the present model
is highly constrained. The nine physical quantities con-
sisting of the three light neutrino masses, the three mix-
ing angles and three CP -violating phases (contained in
a general UPMNS matrix) are entirely fixed in terms of
three real parameters, namely, x, y and α.
One has the following constraints on the mixing matrix
UPMNS and the light neutrino masses:
(i) The mixing angles are entirely fixed by the A4 ×
Z4 × Z3 symmetry, leading to the HPS structure
at the scale of the breaking of this symmetry and,
consequently, predicting no Dirac-type CP viola-
tion;
(ii) The remaining five physical quantities β1, β2, m1,
m2 andm3, are determined by the three parameters
x, r ≡ x/y, and α through Eqs. (14) and (21).
We shall see that only a normal neutrino ordering is
allowed in this model and, furthermore, the two existing
experimental constraints, to wit the two neutrino mass-
squared differences, strongly correlate the allowed values
for the parameters r and cosα. The knowledge of the
absolute neutrino mass scale would fix x.
Clearly, the relations written in this subsection would
be exact provided that there was no running of the coef-
ficients defined at the scale of A4 × Z4 symmetry break-
ing. Yet the light neutrino masses and the charged-lepton
masses are only generated after spontaneous symmetry
breakdown, when the field φ acquires a VEV. In particu-
lar, the zero entry in UPMNS is not exact. Such deviations
are, however, negligibly small.
In order to see how the experimental knowledge on
the neutrino mass spectrum constrains the allowed pa-
rameter space, let us recall the following experimental
constraints at 2 σ confidence level [25]:
∆m2atm ≡
∣∣m23 −m22∣∣ = (2.18− 2.64)× 10−3 eV2 ,
∆m2sol ≡ m22 −m21 = (7.25− 8.11)× 10−5 eV2 , (22)
with the best-fit values [25](
∆m2atm
)
best fit
= 2.40× 10−3 eV2 ,(
∆m2sol
)
best fit
= 7.65× 10−5 eV2. (23)
The sign of (m3 −m2) is dictated by the ordering of the
neutrino masses, i.e. positive for normal ordering and
negative for inverted ordering.
Let us first consider the case of normal ordering, with
m3 > m2. In this case, one obtains from Eq. (21) the
following constraint:
y − 2 x cosα > 0, (24)
while the condition m2 > m1 leads to
y + 2 x cosα < 0. (25)
It is clear that Eqs. (24) and (25) can only be satisfied
if cosα < 0, since x and y are positive. Thus, normal
ordering requires the parameter α to be in the second or
third quadrant.
Similar considerations applied to the case of inverted
ordering, implying
y − 2 x cosα < 0, (26)
together with Eq. (25), since one would still requirem2 >
m1. Since Eqs. (25) and (26) cannot be simultaneously
verified, one concludes that the present model does not
accommodate an inverted ordering for the neutrino mass
spectrum.
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FIG. 1: (color online). The parameter region allowed by the model: the ratio r ≡ y/x as a function of cos α (left plot) and y2
as a function of x2 ≡ m2 (right plot).
The ratio ∆m2sol/∆m
2
atm also implies a strong correla-
tion between the allowed values for r and cosα. Indeed,
from Eqs. (21) and (22) one obtains
∆m2sol
∆m2atm
=
1 + 2r(r − | cosα|)
1 + 2r(r + | cosα|)
(1− 2r| cosα|)
(1 + 2r| cosα|) , (27)
where we have taken into account that cosα < 0. This
correlation is presented in Fig. 1 (left plot), for the best-
fit values of the solar and atmospheric data given in
Eq. (23). Hereafter, we only use these central values since
their experimental dispersion would only contribute to a
small enlargement of the allowed region. The light (red)
shaded area is currently disfavoured by cosmological ob-
servational data. The recent WMAP five-year data [26]
alone constrains the sum of light neutrino masses below
1.3 eV.When combined with baryonic acoustic oscillation
and type-Ia supernova data this bound is more restric-
tive,
∑
i mi < 0.61 eV. In Fig. 1 we also show the (x, y)
parameter region allowed by the model (right plot). This
region has a lower bound for x2 and an upper bound for
y2 that can be easily understood through the use of the
relation
m23 +m
2
1 − 2m22 = ∆m2atm −∆m2sol . (28)
Clearly, x2 =
(
m21 +∆m
2
sol
)1/2
& (∆m2sol)
1/2 ≃ 8.7 ×
10−3 eV. This lower limit corresponds to α ∼ π. More-
over, in this limit m21 ∼ (x − y)4 is very small when
compared with m23 ∼ (x + y)4 and, therefore, one has
y ≃
∣∣∣(∆m2atm)1/4 − x∣∣∣ . (∆m2atm)1/4 − (∆m2sol)1/4,
(29)
implying y2 . 1.6 × 10−2 eV. The corresponding light
neutrino masses are plotted in Fig. 2 as a function of
the phase α. Since their dependence on α is expressed
only in terms of cosα, we only need to analyze one quad-
rant, chosen here to be the third quadrant. The lightest
neutrino mass has a lower bound given by
m1 &
[
2(∆m2sol)
1/4 − (∆m2atm)1/4
]2
≃ 1.2× 10−3 eV.
(30)
The neutrino mass hierarchy is maximal when α = π,
while an almost degenerate spectrum is obtained for α ≃
π/2 or α ≃ 3π/2. Finally, the cosmological bound re-
stricts the phase α to the range 1.04 π/2 . α . 2.96 π/2.
The dependence on α of the Majorana phases β1,2, which
are the only sources of low-energy CP violation in the
leptonic sector, is shown in the right plot of Fig. 2.
An important low-energy observable is neutrinoless
double beta decay (0νββ). In our framework, with no
additional sources of flavour violation, its rate is propor-
tional to the modulus of the (11) entry of the effective
neutrino mass matrix, denoted by |mee|, in the WB where
the charged-lepton mass matrix is diagonal and real. The
value of |mee| is given by
|mee| =
∣∣m1 U211 +m2U212 +m3 U213∣∣ , (31)
where Uij are the elements of the leptonic mixing ma-
trix UPMNS. Although with large uncertainties from the
poorly known nuclear matrix elements, data available at
present set an upper bound on |mee| in the range 0.2 to
1 eV at 90% C.L. [27, 28, 29]. The existing limits will be
considerably improved in the forthcoming experiments,
with an expected sensitivity of about 10−2 eV [30].
Since in the present model the element (13) is zero in
leading order, the only contribution from the Majorana
phases to the 0νββ decay amplitude will come from the
phase β1. We may then write Eq. (31) as
|mee| = 1
3
∣∣2m1 +m2 eiβ1∣∣ . (32)
In Fig. 3 we can see the evolution of |mee| as a func-
tion of α. We obtain 4.66× 10−3 eV . |mee| . 0.20 eV,
where the upper limit comes from imposing the cosmo-
logical bound and it corresponds to an almost degenerate
neutrino spectrum.
IV. LEPTOGENESIS
Lepton asymmetries produced by out-of-equilibrium
decays of heavy neutrinos in the early Universe, at tem-
peratures above T ∼ 1012 GeV, do not distinguish lepton
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FIG. 3: (color online). Neutrinoless double beta decay pa-
rameter |mee| as a function of α.
flavours. The lepton number asymmetry generated by
the i-th heavy Majorana neutrino, provided the heavy
neutrino masses are far from almost degenerate, would
then be given by [31]
ǫi =
1
8π
∑
j 6=i
Im(H2ij)
Hii
f
(
M2j /M
2
i
)
, (33)
where
f(z) =
√
z
[
1− (1 + z) ln 1 + z
z
+
1
1− z
]
(34)
and H = Y ν† Y ν , with Y ν the Yukawa matrix for the
neutrino sector, leading to the Dirac-type neutrino mass
matrix, in a WB where MR is diagonal and real. Notice
that H does not depend on whether or not ml is real and
diagonal.
In our framework, if the relations written in Sec. III
were exact at all energy scales, H would be real and
equal to:
H =
M
v2

 x
2 + y2 0 2 x y cosα
0 x2 0
2 x y cosα 0 x2 + y2

 . (35)
Therefore, all Im(H2ij) would vanish and unflavoured lep-
togenesis could not take place. Furthermore, the heavy
neutrino masses would be exactly degenerate, thus pre-
venting leptogenesis to occur. Flavoured leptogenesis be-
comes viable once we lift the degeneracy of the heavy
Majorana neutrino masses. This is due to the fact that
flavoured leptogenesis is sensitive to additional sources
of CP violation, as can be seen from the formula for the
corresponding CP asymmetry, ǫαi , written below. Notice
also that flavoured leptogenesis requires M ≤ 1012 GeV.
From the definition given in Eq. (10) and Fig. 1 (where
we see that x . 0.45) we are able to estimate, if we re-
quire this bound on M to be verified, that
|fu| . 0.08. (36)
This condition for the effective Yukawa couplings is more
restrictive than just the need to be in the perturbative
regime.
For an almost degenerate heavy Majorana neutrino
mass spectrum, leptogenesis can be naturally imple-
mented in the so-called resonant leptogenesis frame-
work [32, 33]. In this case, the CP asymmetry generated
by the i-th heavy Majorana neutrino decaying into a lep-
ton flavour α is dominated by the one-loop self-energy
contributions so that [34]
ǫαi ≃ −
1
8π
∑
j 6=i
MiMj ∆M
2
ij
(∆M2ij)
2 +M2i Γ
2
j
Im[HijY
ν∗
αi Y
ν
αj ]
Hii
, (37)
where ∆M2ij = M
2
j −M2i and Γj = Hjj Mj/(8π). Defin-
ing the mass splitting parameters
δRij =
Mj
Mi
− 1 , (38)
the CP asymmetries (37) can be conveniently rewritten
in the form
ǫαi ≃ −
1
16π
∑
j 6=i
δRij
(δRij)
2 +
(
Hjj
16π
)2 Im[HijY ν∗αi Y ναj ]Hii . (39)
7Notice that when the mass splitting δRij and the Yukawa
matrix Y ν are independent quantities, ǫαi is resonantly
enhanced for
δRij ≃
Hjj
16π
, (40)
implying [34]
ǫαi,res ≃ −
1
2
∑
j 6=i
Im[HijY
ν∗
αi Y
ν
αj ]
HiiHjj
. (41)
In such a case, the CP asymmetry is independent (up
to RG running effects) of the absolute heavy Majorana
neutrino mass scale M .
In Ref. [14], WB invariant CP -odd conditions sensitive
to the presence of CP violation required for leptogenesis
were derived. This type of conditions are a powerful tool
for model building since they can be applied to any model
without the need to go to a special basis. In the case
of unflavoured leptogenesis the CP asymmetry is only
sensitive to phases appearing in the matrix H and the
relevant WB invariant conditions are given by
I1 ≡ ImTr[HM †RMRM∗RH∗MR] = 0,
I2 ≡ ImTr[H(M †RMR)2M∗RH∗MR] = 0, (42)
I3 ≡ ImTr[H(M †RMR)2M∗RH∗MRM †RMR] = 0.
For flavoured leptogenesis, the phases appearing in H
are also relevant. There is however still the possibility
of generating the required CP asymmetry even for H
real. In this case, additional CP -odd WB invariant con-
ditions are required since those written above cease to
be necessary and sufficient. A simple choice are the WB
invariants I¯i (i = 1, 2, 3), obtained from Ii through the
substitution of H by H¯ = Y ν†hℓY ν , where hℓ = Y ℓY ℓ
†
.
For instance, one has [14]
I¯1 = ImTr(Y
ν†hℓY νM
†
RMRM
∗
RY
νTh∗ℓY
ν∗MR), (43)
and similarly for I¯2 and I¯3. As it was the case for Ii,
CP invariance requires that I¯i = 0. The latter CP -odd
WB invariant conditions are sensitive to the additional
phases appearing in flavoured leptogenesis. The well-
known Casas-Ibarra parametrization [35] makes it clear
that the matrix UPMNS cancels in H . Such is not the case
for Y ν∗αi Y
ν
αj . Therefore, flavoured leptogenesis is sensitive
to CP violation present at low energies even without any
constraints imposed from flavour symmetries. In the case
of unflavoured leptogenesis such a connection can only be
established in specific flavour models.
In the next subsection we show that the running of
parameters from the scale of the A4×Z4 breaking to the
scale of the heavy neutrino masses leads to the breaking
of the exact degeneracy of the heavy neutrinos. We then
study the case of radiative flavoured leptogenesis, where
the mass splitting is generated through renormalization
group effects. In the flavoured case, leptogenesis depends
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FIG. 4: (color online). The radiatively induced mass splitting
(shaded contours) and maximal flavoured CP asymmetries ǫei
(line contours) in the (M,α) plane.
on Y ν computed in the WB where both MR and ml
are diagonal, since in this case the final charged lepton
is well defined, with no summation done. This brings
in additional CP violating sources. Notice that Y ν is
proportional to mD and Eq. (17) shows that the matrix
Uω appears in Y
ν in this WB,
Y ν =
√
M√
3 v

 x+ y e
i α x x+ y ei α
x+ ωy ei α ω2x y ei α + ωx
x+ ω2y ei α ωx y ei α + ω2x

 . (44)
A. Radiative Leptogenesis
Radiative effects due to the renormalization group run-
ning from high to low scales can naturally lead not only
to a heavy Majorana mass splitting, but also to nonva-
nishing off diagonal terms in the matrix H , which are
necessary ingredients for a successful resonant leptoge-
nesis mechanism. In the present framework, the mass
splitting generated through the relevant RGE is given
by [16, 36, 37]
δRij = 2(Hˆii − Hˆjj) t, t =
1
16π2
ln
(
Λ′
M
)
, (45)
where Hˆ = V HV T and V is defined in Eq. (12). The
cutoff scale Λ′ is chosen to be equal to the A4 × Z4
symmetry breaking scale and close to the GUT scale,
Λ′ ∼ 1016 GeV. From the form of the matrix H in
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FIG. 5: (color online). The radiatively induced mass splitting
(shaded contours) and maximal flavoured CP asymmetries ǫµi
(line contours) in the (M,α) plane.
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FIG. 6: (color online). The radiatively induced mass splitting
(shaded contours) and maximal flavoured CP asymmetries ǫτi
(line contours) in the (M,α) plane.
Eq. (35), we then find
δR12 =
2M
v2
(
y2 − 2xy cosα) t ,
δR23 = −
2M
v2
(
y2 + 2xy cosα
)
t , (46)
δR13 = −
8M
v2
xy cosα t .
Notice however that a nonvanishing CP asymmetry also
requires Im[Hˆij Yˆ
ν∗
αi Yˆ
ν
αj ] 6= 0 with Yˆ ν = Y ν V T and Yν
defined in Eq. (44). Therefore, to have a viable radiative
leptogenesis we need to induce nonvanishing Hˆij (i 6= j)
elements at the leptogenesis scale. This is indeed possi-
ble since RG effects due to the τ -Yukawa charged-lepton
contribution imply in leading order [16, 36, 37]
Hˆij ≃ 3y2τ Yˆ ν∗3i Yˆ ν3j t. (47)
The CP flavoured asymmetries can then be obtained
from Eqs. (39), (46) and (47).
The radiatively induced CP asymmetries ǫαi are shown
in Figs. 4-6. Each plot contains two types of con-
tours. The contours represented by lines (solid, dotted
and dashed) correspond to the maximum allowed ratio
|ǫαi /y2τ | ≃ 10−1 for the decay of each of the three heavy
neutrinos into a certain lepton flavour α. The color gra-
dient contours are representative of the size of the ra-
diatively induced mass splitting, chosen for illustration
to be equal to δR12 in all figures. Each contour is de-
picted as a function of the phase α and the heavy neu-
trino mass scale M . We notice that for temperatures
below 1012 GeV, where flavoured leptogenesis is effec-
tive, the induced mass splitting is . 10−5. Such values
are sufficiently small to enhanced the CP asymmetries
up to values |ǫαi | ∼ 10−5 (assuming yτ ∼ 10−2), which
in turn can easily lead to the required baryon asymme-
try ηB = nB/nγ ≃ 6.1× 10−10, even for washout factors
of the order of 10−3. We also remark that for temper-
atures in the range 109 . T . 1012 GeV it suffices to
consider the leptonic asymmetry ǫτi , since in this temper-
ature window only the τ -Yukawa coupling is in thermal
equilibrium and ǫei + ǫ
µ
i = −ǫτi . Below T ∼ 109 GeV,
all charged-lepton flavours are distinguishable and each
asymmetry should be independently considered.
B. Leptogenesis through soft breaking
In this section we explore the possibility of implement-
ing the mechanism of resonant leptogenesis through a soft
breaking of the A4 symmetry at the Lagrangian level. To
be specific and simplify our discussion, we shall introduce
a single soft-breaking term of the form δM νc3Rν
c
3R [5] in
the Lagrangian of Eq. (3). This term modifies the right-
handed neutrino mass matrix and, in turn, its inverse
matrix, parametrized here as
M−1R =
1
M

1 1
1 + ρ eiϕ

 , (48)
where the complex number ρ eiϕ characterizes the soft
breaking. The effective neutrino mass matrix obtained
through the seesaw mechanism now reads
mν = V KMρK V T , (49)
with
Mρ =


m1
(
1 +
ρ
2
eiϕ
)
0
√
m1m3
ρ
2
eiϕ
0 m2 0√
m1m3
ρ
2
eiϕ 0 m3
(
1 +
ρ
2
eiϕ
)

 , (50)
9and the parameters mi defined in Eq. (21).
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FIG. 7: (color online). The parameter region in the case
that the A4 symmetry is softly broken. We take ρ = 0.1 and
consider different values for the soft-breaking phase ϕ. The
dashed line (ρ = 0) corresponds to the curve depicted in the
right plot of Fig. 1.
The matrix Mρ can be diagonalized by the rotation
matrix
Vρ =

 cθ 0 sθ e
−iφ
0 1 0
−sθ eiφ 0 cθ

 , (51)
with cθ ≡ cos θ, sθ ≡ sin θ,
φ = −arctan
[
(m3 −m1) sinϕ
(ρ/2 + cosϕ) (m3 +m1)
]
, (52)
and
tan 2θ =
ρ
√
m1m3
η (m23 −m21)
∣∣∣m1 e−iϕ +m3 eiϕ + ρ
2
(m1 +m3)
∣∣∣ .
(53)
In the above expression,
η = 1 + ρ cosϕ+
ρ2
4
. (54)
The light neutrino masses are given in this case by
(mρ1)
2
= m21 η +
1
2
[(
m23 −m21
)
η +m1m3
ρ2
2
− (∆m2atm +∆m2sol)
]
,
(mρ2)
2
= m22 , (55)
(mρ3)
2
= m23 η −
1
2
[(
m23 −m21
)
η −m1m3 ρ
2
2
− (∆m2atm +∆m2sol)
]
.
Notice that there are now five free parameters to be
constrained. Besides x, y and α, already present in mi,
two new soft-breaking parameters, ρ and ϕ, also appear
in Eqs. (55). To further simplify our discussion and to
illustrate the main features of the present case, in what
follows we assume ρ = 0.1 and consider ϕ = 0, ±π/2 , π.
The allowed parameter region is presented in Fig. 7. For
comparison, the case without soft breaking, i.e. when
ρ = 0, is also plotted (dashed line). The three solid
curves correspond to different values of ϕ: real positive
(ϕ = 0) and negative (ϕ = π) soft breaking and a purely
imaginary soft breaking (ϕ = ±π/2). We note that, for
a real value of the soft-breaking parameter, neither the
present cosmological bound nor the constraints on 0νββ
yield a bound more restrictive than the one already im-
posed by neutrino oscillation data. On the other hand,
for ϕ = ±π/2, as in the ρ = 0 case, there is a large region
disfavoured by 0νββ and cosmology (light area).
Since Eq. (55) does not change the physical meaning
of the parameter x, namely, x2 = m2 = m
ρ
2, the bounds
observed in Fig. 7 for x2 and y2 are easily explained,
noticing that Eq. (28) now reads
(
m21 +m
2
3
)
η +m1m3
ρ2
2
− 2m22 = ∆m2atm −∆m2sol .
(56)
There are two interesting limits arising from this relation.
The limit α = π was already studied for the case without
soft breaking, and can be straightforwardly analyzed in
the present case by substituting ∆m2atm → ∆m2atm/η in
Eq. (29). The dependence of y2 on ρ and ϕ would then
explain the small splitting between the various curves
in Fig. 7, leading to the relations y2(ϕ = 0) < y2(ϕ =
±π/2) < y2(ϕ = π). The second limit, y → 0, is new
and leads to completely different phenomenological pre-
dictions. In this limit one gets the approximate expres-
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FIG. 8: (color online). The lightest neutrino mass as a func-
tion of the high-energy CP -violating phase α when ρ = 0.1
and ϕ = 0, ±π/2 and π.
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FIG. 9: (color online). Neutrinoless double beta decay param-
eter |mee| as a function of α in the case that the symmetry
A4 is softly broken. We have taken ρ = 0.1 and consider
ϕ = 0, ±π/2 and π.
sion
x2 ≃
√
∆m2atm
2ρ cosϕ+ ρ2
. (57)
For ϕ = 0 we have x2 ∼ 0.1 eV, while for ϕ = ±π/2
the contribution comes only from the second order term
in ρ and gives x2 ∼ 0.5 eV, which is clearly disfavoured
by the 0νββ decay and cosmological data. Notice also
that the above limit is not valid for ϕ = π, as can be
seen from Eq. (57). Nevertheless, the right end point of
the ϕ = π curve can be estimated from Eq. (56) since it
corresponds to α = π/2 or 3π/2.
The lightest neutrino mass mρ1 is plotted in Fig. 8 as
a function of the phase α. There are two distinct phe-
nomenological regions: one similar to the case without
soft breaking and a second one where the light neutrino
masses have constant values (with respect to α) for a
fixed value of ϕ in the range −π/2 ≤ ϕ ≤ π/2. The lat-
ter region is obtained in the limit y → 0, and corresponds
to the vertical branches in Fig. 7 (shown for ϕ = 0 and
±π/2). In this limit, the light neutrino masses are al-
most degenerate and mρ1 ≃ x2. Clearly, for ϕ = ±π/2
this region is disfavoured by 0νββ and cosmological data.
The splitting of the mass for the various values of ϕ when
α = π is easily understood through the use of Eq. (29)
with the redefinition ∆m2atm → ∆m2atm/η.
After diagonalizing the matrix Mρ given in Eq. (50),
the leptonic mixing matrix can be found,
UPMNS = U
† (ω)V K ′Vρ
= eiπ/2

1 ω2
ω






√
2
3 e
iσ1 cθ
1√
3
0
− 1√
6
eiσ1 cθ
1√
3
− 1√
2
eiσ2 cθ
− 1√
6
eiσ1 cθ
1√
3
1√
2
eiσ2 cθ

+ sθ


0 0
√
2
3 e
iφ
1√
2
ei(σ2+φ) 0 − 1√
6
ei(σ1−φ)
− 1√
2
ei(σ2+φ) 0 − 1√
6
ei(σ1−φ)



 , (58)
and the remaining low-energy observables determined.
The effective mass parameter relevant for 0νββ decay
[cf. Eq. (31)] is presented in Fig. 9 for different values
of ϕ. The analysis of the plot is similar to the one of
Fig. 8. Once again, there are two distinct regions. In
particular, when y → 0 and −π/2 ≤ ϕ ≤ π/2, the ef-
fective mass parameter |mee| tends to a constant value
given by |mee| ≃ x2.
Another feature of this case is the prediction of a non-
vanishing Ue3 matrix element. Its absolute value, |Ue3|, is
plotted in Fig. 10 as a function of α for the various values
of ϕ. We notice that the phenomenological region that
predicts constant values of |Ue3| is already disfavoured
by the neutrino oscillation data, which implies the con-
straint |Ue3| . 0.2 at 2σ level [25]. Indeed, from Eq. (53)
and in the limit when y → 0 we get θ ≃ π/4, which
then yields |Ue3| ≃ 1/
√
3. This upper bound is reduced
when the small corrections due to y are taken into ac-
count. From Fig. 10 we estimate the maximum value to
be |Ue3| ≃ 0.47. On the other hand, in the region where
α = π and y2 ≃ x2 we get
|Ue3| ≃ ρ√
6
4
√
∆m2atm/η − 2 4
√
∆m2sol
4
√
∆m2atm/η
, (59)
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FIG. 10: (color online). The absolute value of the element Ue3
of the PMNS mixing matrix as a function of α when ρ = 0.1
and ϕ = 0, ±π/2 and π.
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FIG. 11: (color online). sin2 θ12 as a function of α for ρ = 0.1
and ϕ = 0, ±π/2 and π.
which explains the splitting of the three curves and also
leads to the allowed range of values |Ue3| ∼ (5−7)×10−3.
The corresponding mixing angles θ12 and θ23 are pre-
sented in Figs. 11 and 12, respectively. In these figures,
the light (red) shaded regions are presently excluded at
2σ by the global analysis of neutrino oscillation data [25].
Finally, in order to identify the low-energy Dirac phase
δ and the Majorana phases β1,2, we rewrite the PMNS
mixing matrix (58) in the standard parametrization [38].
The following relations hold:
β1 = −σ1, β2 − β1 = φ+ δ , (60)
with φ defined in Eq. (52). We recall that in the limit
where there is no soft-breaking term one has β2 − β1 =
σ2, which is not obvious from Eq. (60), since the phases
φ and δ have no physical meaning in this limit. The
dependence of the low-energy Dirac phase δ on the high-
energy phase α is shown in Fig. 13 for different values of
ϕ. We note that δ is quite sensitive to sinϕ. The constant
lines for δ = π correspond to the vertical branches in
Fig. 7, so that for ϕ = ±π/2 they are excluded by the
cosmological and 0νββ bounds. The dependence of the
Majorana phases β1,2 on the phase α is not much affected
by the soft-breaking term and is quite similar to the one
shown in Fig. 2.
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FIG. 12: (color online). sin2 θ23 as a function of α for ρ = 0.1
and ϕ = 0, ±π/2 and π.
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FIG. 13: (color online). The dependence of the low-energy
CP -violating Dirac phase δ on the high-energy phase α for
different values of the soft-breaking phase ϕ and ρ = 0.1.
Let us now analyze the viability of leptogenesis and
its possible connection with low-energy neutrino observ-
ables. We start by evaluating the Dirac neutrino Yukawa
coupling matrix Y ν in the basis where the charged lep-
tons and heavy Majorana neutrinos are real and diag-
onal. In this case, Y ν defined in Eq. (44) becomes
Y ν diag(1, 1, e−i γ/2), where γ = −arg (1 + ρ eiϕ) is the
phase of the matrix element (MR)33. The matrix H =
Y ν† Y ν now becomes complex:
H =
M
v2

 x
2 + y2 0 2 x y cosα e−i γ/2
0 x2 0
2 x y cosα eiγ/2 0 x2 + y2

 .
(61)
Therefore, a crucial difference from the radiative leptoge-
nesis case studied in the previous section is the possibility
of having unflavoured leptogenesis. To illustrate its main
features, in what follows we restrict our discussion to the
resonantly enhanced CP asymmetries given in Eq. (41),
provided that the condition (40) is satisfied. This will
also allow us to estimate the maximal value of the lep-
tonic asymmetries that can be reached in the present
framework.
For small values of ρ, the resonant condition given by
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FIG. 14: (color online). Contours of constant M (dashed lines) in the (ρ, ϕ) plane for α = π (left plot) and α ≃ π/2 or 3π/2
(right plot). The thick dashed curve corresponds to the fine-tuned region where cosϕ ≃ −ρ/2.
Eq. (40), together with the definition of the mass split-
ting δRij (i, j = 1, 3) in Eq. (38) and the matrix M
−1
R in
Eq. (48), imply the relation
|2ρ cosϕ+ ρ2| ≃ 1
16 π
M
v2
(m3 +m1) . (62)
From the above equation we can estimate the heavy
neutrino mass scale necessary to resonantly enhance the
leptonic asymmetries. We obtain
M ≃ (1.5× 1015GeV)( 1 eV
m3 +m1
)
|2ρ cosϕ+ ρ2| .
(63)
In Fig. 14 we present the contours of constant M in the
(ρ, ϕ) plane for α = π and close to π/2 (or to 3π/2). The
contour line M = 1012 GeV sets the transition from un-
flavoured to flavoured leptogenesis, while M = 109 GeV
corresponds to the temperature below which the three
charged-lepton flavours are distinguishable. As can be
seen from the figure, when α = π there is a large pa-
rameter region where unflavoured resonant leptogenesis
could be viable. On the other hand, a resonantly en-
hanced flavoured leptogenesis would in general require
the soft-breaking parameter ρ to be very small or the
fine-tuned relation cosϕ ≃ −ρ/2 to be satisfied. As α
tends to π/2 (or 3π/2) the unflavoured leptogenesis re-
gion shrinks, while the flavoured leptogenesis one shifts to
higher values of ρ. There is in each case an upper bound
on the heavy Majorana neutrino mass: M ≃ 3×1015 GeV
for α = π and M ≃ 1013 GeV for α = π/2 (or 3π/2).
Denoting ǫres ≡ ǫ1,res = −ǫ3,res (ǫ2,res = 0), the un-
flavoured CP asymmetry is given in this case by
ǫres ≃ −1
2
(
m3 −m1
m3 +m1
)2
ρ sinϕ, (64)
and attains its maximal value (ǫres)max ≃ −0.45 ρ sinϕ
when neutrinos are hierarchical. For the e-flavoured CP
asymmetry we find:
ǫeres ≃
1
3
(m3 −m1)m1
(m3 +m1)
2 ρ sin ϕ , (65)
which has the maximal value (ǫeres)max ≃ 4× 10−2ρ sinϕ.
The µ- and τ -flavoured asymmetries are given by
ǫµ,τres ≃
1
12
m3 −m1
(m3 +m1)
2
[
±
√
3 (4m2 −m1 −m3)
− (3m3 −m1) ρ sin ϕ] ,
(66)
which, clearly, are not suppressed by the soft-breaking
parameter ρ and can reach values up to 7 × 10−2 for
hierarchical neutrinos.
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FIG. 15: (color online). The correlation between the mixing
matrix element |Ue3| and the unflavoured leptonic asymmetry
ǫres for ϕ = ±π/2 and different values of the soft-breaking
values ρ.
Finally, in Fig. 15 we present the correlation between
the low-energy observable |Ue3| and the absolute value
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of the unflavoured leptonic asymmetry |ǫres| for different
values ρ. The curves are shown for ϕ = ±π/2, which
yields the maximal asymmetry [cf. Eq. (64)]. As can be
seen from the figure, in the region of phenomenological
interest (|ǫres| & 10−6) a variation of the soft-breaking
parameter ρ simply implies a rescaling of the curves, once
both quantities, |Ue3| and |ǫres|, are proportional to ρ in
this region.
V. CONCLUSIONS
Recently, models based on discrete flavour symme-
tries [5, 6, 7, 8, 9, 39, 40, 41] have attracted much at-
tention due to the possibility of finding implementations
that lead to the HPS mixing matrix in leading order.
The implications of these symmetries for leptogenesis de-
pend on the specific details of the model. Among these
models, those based on type-I seesaw realizations have in
general the common prediction of vanishing leptonic CP
asymmetries, since the combination Y ν†Y ν , relevant for
leptogenesis, is proportional to the unit matrix. Thus,
higher dimensional operators, suppressed by additional
powers of the cutoff scale Λ are usually required to al-
low for leptogenesis in these models [40, 41]. We have
presented an explicit example, based on the A4 symme-
try, where the above limitations can be overcome. The
model is based on an effective theory with an A4×Z3×Z4
symmetry, which is spontaneously broken at a high scale,
leading to exact tribimaximal leptonic mixing in leading
order. A particular feature of the model is the degen-
eracy of the heavy Majorana neutrino mass spectrum.
Therefore, for leptogenesis to become viable this degen-
eracy must be lifted. This can be easily achieved either
by renormalization group effects or by a soft breaking of
the A4 symmetry, which then naturally leads to a viable
resonant leptogenesis mechanism.
We have also studied the implications for low-energy
neutrino physics. The model can accommodate a hierar-
chical or an almost degenerate light neutrino spectrum.
It also gives definite predictions for the 0νββ decay mass
parameter |mee|. In the so-called radiative leptogenesis
framework, the HPS mixing pattern is exact up to negli-
gible running effects. Furthermore, only a flavoured lep-
togenesis regime is allowed. If the A4 symmetry is softly
broken, e.g. by a mass term that lifts the heavy Ma-
jorana neutrino degeneracy, then both unflavoured and
flavoured leptogenesis can be implemented. In this case,
corrections to tribimaximal mixing would lead to a non-
vanishing Ue3 and definite predictions for the low-energy
CP -violating phases.
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